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1. Introduction
In the 1970’s, following an observation of John McKay, Jon Alperin put forward the conjecture that
for every ﬁnite group G and every prime number p
∣∣Irrp′(G)∣∣= ∣∣Irrp′(NG(P ))∣∣,
where P is a Sylow p-subgroup of G and, for a ﬁnite group H , Irrp′ (H) denotes the number of
irreducible complex characters of H of degree prime to p. This conjecture has been proved for various
families of ﬁnite groups, for example for all p-solvable groups, but a general proof still remains to be
found. In [10] we recently showed that the proof for general groups can be reduced to the proof
of a stronger statement for simple groups, thus pointing the way to a possible proof of the McKay
conjecture via the classiﬁcation of ﬁnite simple groups.
More precisely, it needs to be shown that every ﬁnite simple group S is good for every prime divisor
p of its order (see the deﬁnitions below). In [17], the author has shown that all simple groups not
of Lie type, and also the groups of Lie type with exceptional Schur multiplier are good for all p. Fur-
thermore, we showed in [16] that for groups of Lie type G and primes p different from the deﬁning
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ters of centralizers of suitable tori in G , at least when p  5, and for most types when p = 2,3. Part
of the required statements concerning these extensions have meanwhile been proved by Späth [20].
It still remains, though, to check compatibility with outer automorphisms.
The purpose of the present paper is twofold. First, in Section 2 we prove an extendibility result for
unipotent characters of groups of Lie type (Theorem 2.4) which may be of independent interest. This
is based on results of Lusztig as well as on earlier results on Hecke algebras for disconnected groups.
Secondly, we show that all the groups left open in our paper [16] are good. Namely, in Section 3
we apply the result of Section 2 in the investigation of the remaining cases from [16] where p = 3,
different from the deﬁning characteristic, see Theorem 3.2. Also, we show in Proposition 3.17 that the
Tits simple group 2F4(2)′ is good for all divisors of its order. Finally, in Section 4 we treat the open
cases for p = 2 by showing that the symplectic groups over ﬁelds Fq where q is an odd power of an
odd prime are good for p = 2.
Throughout we will use the notation of the Atlas [3] for the various groups of Lie type, in partic-
ular, Artin’s single letter convention for the simple groups. Thus the full orthogonal group is denoted
GO+2n(q), the projective symplectic group S2n(q), and so on.
2. Maximal extensions of unipotent characters
In this section we prove that the unipotent characters of ﬁnite simple groups of Lie type extend to
their inertia groups in the full automorphism group.
We consider the following setup. Let Gˆ be a simple simply-connected algebraic group over the
algebraic closure of a ﬁnite ﬁeld and F : Gˆ → Gˆ a Frobenius morphism with ﬁnite group of ﬁxed
points Gˆ := GˆF . Let S := Gˆ/Z(Gˆ). The simple groups S obtained in this way will be called the simple
groups of Lie-type. (Note that by the classiﬁcation of ﬁnite simple groups, apart from the alternating
groups, the sporadic groups and the Tits group, all non-abelian ﬁnite simple groups can be obtained
in this way.)
Let G := Gˆ/Z(Gˆ) be the adjoint quotient of Gˆ. Then F induces a Frobenius morphism on G which
we again denote by F , and which commutes with the natural epimorphism π : Gˆ→ G. Let G := GF be
the group of ﬁxed points. Then π induces an injection S → G , and G induces the group of diagonal
automorphisms on S .
Lusztig has introduced an important subset of Irr(G), the so-called unipotent characters. These are
the irreducible complex characters of G occurring in a generalized Deligne–Lusztig character RGT (1),
where T runs over the F -stable maximal tori of G. The unipotent characters are partitioned into
Harish-Chandra series, one of which is the principal series, which by deﬁnition consists of the con-
stituents of the permutation character of G on B , where B is a Borel subgroup of G . Note that IndGB (1)
is just the Deligne–Lusztig character RGT (1) for the maximally split torus T of G.
By the results of Lusztig [12], the unipotent characters of G remain irreducible upon restriction
to S , and these restrictions are just the unipotent characters of S . Hence we have:
Proposition 2.1 (Lusztig). Let S be a simple group of Lie type. Then any unipotent character ρ of S has an
extension ρ˜ to the group G of inner-diagonal automorphism of S such that ρ , ρ˜ have the same inertia group
in Aut(S).
Thus we are left to investigate extensions from G to Aut(S).
Proposition 2.2. Let S be a simple group of Lie type different from Ln(q) (n  3), O+2n(q) (n  4) and E6(q).
Then all unipotent characters of S extend to their inertia group in Aut(S).
Proof. The group of outer automorphisms of a simple group of Lie type is generated by the diagonal
automorphisms, the graph automorphisms of the underlying Dynkin diagram, and the ﬁeld automor-
phisms of the ﬁeld of deﬁnition (see [8, Theorem 2.5.12]). First assume that
Aut(S)/G ∼= Out(S)/{diagonal automorphisms}
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the inertia factor groups are cyclic.
According to [8, Theorem 2.5.12] the only cases where Aut(S)/G is not cyclic are S = Ln(q) (n 3),
O+2n(q) (n 4) and E6(q). 
Proposition 2.3. Let S be a simple group of Lie type and χ a cuspidal unipotent character of S. Then χ extends
to its inertia group in Aut(S).
Proof. By Proposition 2.2 we may assume that S ∈ {Ln(q),O+2n(q), E6(q)}. The groups Ln(q), n  3, do
not have cuspidal unipotent characters.
For S = O+8 (q) there exists a unique cuspidal unipotent character χ which is hence invariant under
all automorphisms. Let T denote a maximal F -stable torus of G with |TF | = Φ22Φ6, where Φi denotes
the ith cyclotomic polynomial evaluated at q. Let σ be a quasi-central automorphism of G inducing
a graph automorphism of order r, r ∈ {2,3}, and stabilizing T. Digne and Michel [4, Deﬁnition 2.2]
have deﬁned a generalized Deligne–Lusztig character RGσTσ (1) for the disconnected group G.〈σ 〉. The
decomposition of RGσTσ (1) was determined in [15, Theorems 6 and 7]. It contains the r extensions of χ
to G.〈σ 〉 with different multiplicities. Now TF is stabilized by the ﬁeld automorphisms of G , so these
act on the set of constituents of RGσTσ (1). It follows that at least one of the extensions of χ is invariant
under ﬁeld automorphisms. Thus χ extends to G extended by all graph and ﬁeld automorphisms, as
claimed.
For S = E6(q) there are two cuspidal unipotent characters. Write G˜ := G.〈γ 〉 for the extension of
G by the graph automorphism γ of order 2. Again the explicit decomposition in [15, Theorem 8]
shows that the extensions of these two characters to G˜ occur with different multiplicities in some
generalized Deligne–Lusztig characters, and we may conclude as above.
Finally, S = O+2n(q), n  5, has a cuspidal unipotent character ρ if and only if n = s2 is the square
of an even number s. In that case ρ is parametrized by the Lusztig symbol
(
1 2 . . . 2s − 2 2s − 1
−
)
.
Let γ denote the graph-automorphism of G of order 2. Let L be a γ - and F -stable Levi subgroup of
G of type 2Dn−(2s−1)T where T is a torus of order |T | = q2s−1 + 1, and ρ1 the unipotent character of
L parametrized by the symbol
(
1 2 . . . 2s − 2
0
)
.
Then by Asai’s hook formula 〈RGL (ρ1),ρ〉 = ±1. By Proposition 2.2, ρ1 extends to a character ρ˜1 of
L˜ := L.〈γ 〉. By [4, Corollary 2.4],
RG˜
L˜
(ρ˜1)|G = RGL (ρ1),
so RG˜
L˜
(ρ˜1) contains the two extensions of ρ to G˜ with different multiplicities. Since both L˜ and ρ˜1
are invariant under ﬁeld automorphisms, this proves that the two extensions of ρ to G˜ are invariant
under ﬁeld automorphisms, hence extend to Aut(S). 
Theorem 2.4. Let S be a simple group of Lie type. Then all unipotent characters of S extend to their inertia
group in Aut(S).
Proof. By Proposition 2.2 we may assume that S ∈ {Ln(q),O+2n(q), E6(q)}. In these cases, we ﬁrst
consider the principal series unipotent characters. Let B be a Borel subgroup of G . Let ψ denote a
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Weyl group W of G . Let G˜ := G.〈ψ〉 denote the extension of G by the group of ﬁeld automorphisms.
By [14, Satz 1.5] the endomorphism algebra of the permutation representation of G˜ on B is isomor-
phic to the group algebra of the extension W˜ := W .〈ψ〉 ∼= W × 〈ψ〉 of the Weyl group of W by ψ ,
and the corresponding bijection of irreducible characters is compatible with induction from parabolic
subgroups. Thus, writing
IndGB (1) =
∑
χ
nχ χ
with suitable nχ ∈ N, we have
IndG˜
B˜
(1) =
∑
χ
nχ χ˜
with suitable extensions χ˜ of χ to G˜ . The graph automorphisms of G commute with ψ and stabi-
lize B˜ . Thus they act on the set of constituents of IndG˜
B˜
(1). In particular, χ is invariant under some
graph automorphism γ if and only if χ˜ is γ -invariant. The group of graph automorphisms is cyclic
or isomorphic to S3. Characters whose inertia group has cyclic Sylow subgroups extend, by [9, Corol-
laries 11.22 and 11.31], so this shows that χ˜ extends to the inertia group of χ in the group of graph
automorphisms.
In the case of S = Ln(q), all unipotent characters of G = PGLn(q) occur as constituents of the
permutation character of G on a Borel subgroup, so the claim follows from our previous consideration.
For S = O+8 (q) all unipotent characters are either cuspidal or lie in the principal series. Thus, we
are done by Proposition 2.3.
For S = E6(q) the only unipotent characters which are neither cuspidal nor lie in the principal se-
ries are the three characters lying in the Harish-Chandra series of the cuspidal unipotent character of
the Levi subgroup L of type D4. Write G˜ := G.〈γ 〉 for the extension of G by the graph automorphism
γ of order 2. By Proposition 2.3 the cuspidal unipotent character of L extends to the normalizer L˜ of L
in G˜ . The explicit decomposition in [15, Theorem 8] shows that the extensions of the three characters
to G˜ occur with different multiplicities in some generalized Deligne–Lusztig characters RG˜
L˜
(λ), and we
may conclude as before.
Finally, for S = O+2n(q), n  5, let χ be an arbitrary unipotent character of G , lying in the Harish-
Chandra series of a cuspidal unipotent character of a split Levi subgroup L. By Proposition 2.3 we
may assume that χ is non-cuspidal, so that L < G . The decomposition of RGL is determined by the
Hecke algebra of a Weyl group of type Bk for some k. In particular, the multiplicities in Harish-
Chandra induced unipotent characters is completely determined by corresponding decompositions in
W (Bk). Let M  L be a split Levi subgroup of type Dn−1. Let χ1 be an irreducible constituent of∗RGM(χ). Then 〈RGM(χ1),χ 〉 = 1, since the induction from W (Bk−1) to W (Bk) is multiplicity free (see
[7, 6.1.9], for example). Now M can be chosen γ -invariant, and then 〈RG˜
M˜
(χ˜1), χ˜ 〉 = 1 by the Mackey-
formula, where χ˜1, χ˜ denote suitable extensions of χ1,χ to M˜ := M〈γ 〉 respectively G˜ := G〈γ 〉. Since
by induction χ˜1 is invariant under ﬁeld automorphisms, we conclude as before that χ extends to
Aut(S). 
We end this section by recalling from [16, Propositions 3.7 and 3.9] the inertia groups of unipotent
characters in Aut(S) according to results of Lusztig:
Theorem 2.5. Let χ be a unipotent character of a simple group of Lie type S. Then χ is Aut(S)-invariant,
except in the following cases:
(a) In S = O+2n(q) with even n 4, the graph automorphism of order 2 interchanges the two unipotent char-
acters in all pairs labeled by the same degenerate symbol of defect 0 and rank n.
G. Malle / Journal of Algebra 320 (2008) 2963–2980 2967(b) In S = O+4 (q) the graph automorphism of order 3 has two non-trivial orbits with characters labeled by the
symbols
{(
2
2
)
,
(
2
2
)′
,
(
1 4
0 1
)}
,
{(
1 2
1 2
)
,
(
1 2
1 2
)′
,
(
1 2 4
0 1 4
)}
.
(c) In S = Sp4(22 f+1) the graph automorphism of order 2 interchanges the two unipotent principal series
characters labeled by the symbols
{(
1 2
0
)
,
(
0 1
2
)}
.
(d) In S = G2(32 f+1) the graph automorphism of order 2 interchanges the two unipotent principal series
characters labeled by the characters {φ′1,3, φ′′1,3} of the Weyl group W (G2).
(e) In S = F4(22 f+1) the graph automorphism of order 2 has eight orbits of length 2, consisting of the unipo-
tent characters labeled by
{φ′8,3, φ′′8,3}, {φ′8,9, φ′′8,9}, {φ′2,4, φ′′2,4}, {φ′2,16, φ′′2,16},
{φ′9,6, φ′′9,6}, {φ′1,12, φ′′1,12}, {φ′4,7, φ′′4,7},
{
(B2, 
′), (B2, ′′)
}
.
3. The prime p = 3
In [10] we showed that the McKay conjecture holds for a ﬁnite group G and a prime p if a certain
inductive condition is satisﬁed for all simple groups involved in G: all ﬁnite simple groups X involved
in G have to be good for the prime p. Here we formulate a stronger condition on a simple group X
which implies that it is good for p, and which will be suﬃcient for the purpose of this paper.
Let X be a non-abelian simple group and p a prime. Let P denote a Sylow p-subgroup of X and
let A = NAut(X)(P ).
Proposition 3.1. Assume that the order of the Schur multiplier of X is a power of p and that the following
conditions are satisﬁed:
(i) there exists a proper subgroup NX (P ) M < X of X normalized by A,
(ii) there exists an A-equivariant bijection
∗ : Irrp′ (X) → Irrp′ (M), θ 	→ θ∗,
(iii) all characters in Irrp′ (X) and in Irrp′ (M) extend to their respective inertia groups in AX and in AM.
Then X is good for the prime p in the sense of [10].
Note that (iii) is not a necessary condition for X to be good, but it suﬃces.
The aim of this section is to show that certain groups of Lie type are good for the prime p = 3.
More precisely we deal with the following situations:
Theorem 3.2. The simple groups X occurring in Table 1 are good for p = 3.
This will be shown in Corollary 3.9, Theorem 3.12 and Propositions 3.14, 3.16 in the next four
subsections by verifying the conditions in Proposition 3.1.
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The groups for p = 3
X Conditions
L3(q) q ≡ 4,7 (mod 9)
U3(q) q ≡ 2,5 (mod 9), q = 2
G2(q) q ≡ 2,4,5,7 (mod 9), q = 2
2F4(q2) q2 ≡ 2,5 (mod 9), q2 = 2
3.1. Special linear groups SL3(q)
In this section let S = SL3(q) be the special linear group over a ﬁnite ﬁeld Fq with q ≡ 4,7 (mod 9).
We start by recalling some results on the classiﬁcation of the irreducible complex characters of S
(see Simpson and Frame [19]). We denote by Φd the dth cyclotomic polynomial, evaluated at q. For
the congruences given, the cyclotomic polynomial Φ2 = q + 1 is not divisible by 3, and Φ1 = q − 1,
Φ3 = q2 + q + 1 are divisible by 3 to the ﬁrst power only.
Let B be the Borel subgroup of S consisting of the upper triangular matrices of determinant 1.
Then |B| = q3Φ21 . The permutation character of G on B decomposes as
IndGB (1B) = ρ1 + 2ρ2 + ρ3,
where ρ1 = 1S ,ρ2,ρ3 = StS are irreducible characters of degrees
ρ1(1) = 1, ρ2(1) = qΦ2, ρ3(1) = q3.
These are the unipotent characters of S . Denote by χ the linear character of B of order 3 with
χ
⎛
⎝ ζm0 0 00 ζn0 0
0 0 ζ−m−n0
⎞
⎠= exp(2π i(m− n)/3),
where ζ0 generates F×q . Then IndGB (χ) has three irreducible constituents ϕ1,ϕ2,ϕ3 of degree ϕi(1) =
1
3Φ2Φ3. The conjugacy class of regular unipotent elements of GL3(q) splits into three conjugacy
classes in SL3(q), with representatives
u1 :=
(1 1 0
0 1 1
0 0 1
)
, u2 :=
(1 ζ 0
0 1 1
0 0 1
)
, u3 :=
(1 ζ 2 0
0 1 1
0 0 1
)
,
with ζ ∈ F×q of order 3. These are the only classes on which the three characters ϕ1,ϕ2,ϕ3 differ. We
choose notation so that
ϕi(ui) = (2q + 1)/3 (1 i  3), ϕi(u j) = (−q + 1)/3 (i = j).
Lemma 3.3. Let q ≡ 4,7 (mod 9) be a prime power. Then S = SL3(q) has six irreducible characters of degree
prime to 3. These are the three unipotent characters ρ1 = 1S , ρ2,ρ3 = StS and the three semisimple characters
ϕ1 , ϕ2 , ϕ3 . All six characters have Z(S) in their kernel.
Proof. Visibly, the ρi and ϕi have degree prime to 3. The claim can now be read off from the
character table of SL3(q) [19]. Alternatively it follows from Lusztig’s parametrization of irreducible
characters. 
By Theorems 2.4 and 2.5 the unipotent characters ρi , 1 i  3, extend to Aut(S). We now inves-
tigate the remaining three characters.
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(
ζ 0 0
0 1 0
0 0 1
)
∈ GL3(q).
Our congruence conditions ensure that ζ generates the Sylow 3-subgroup of F×q , hence δ gener-
ates the full group of diagonal automorphisms. Let γ denote the transpose-inverse automorphism on
GL3(q) composed with conjugation with the permutation matrix of the transposition (1,3). So γ in-
duces the graph automorphism on S . Write r for the deﬁning characteristic of S , so that q = r f for
some f  1, and let ψ be the ﬁeld automorphism of S of order f which raises each matrix entry to
its rth power. We let
ψ0 :=
{
ψ if r ≡ 1 (mod 3),
ψ2 if r ≡ 2 (mod 3).
Thus, 〈ψ0〉 is the stabilizer of ζ in the group of ﬁeld automorphisms. In the sequel we identify δ,γ ,ψ
with their images in Out(S).
Lemma 3.4.We have
Aut(S) = 〈S, δ, γ ,ψ〉/Z(S)
and Out(S) = 〈δ,γ 〉 × 〈ψ〉 ∼= S3 × C f .
Proof. The outer automorphism group of S is generated by the diagonal, the ﬁeld and the graph
automorphisms, so the ﬁrst statement holds. The second statement is now clear from the explicit
form of δ,γ and ψ . 
Lemma 3.5.
(a) The inertia group of ϕ1 in Out(S) equals IOut(S)(ϕ1) = 〈ψ,γ 〉.
(b) The inertia group of ϕ2 in Out(S) equals
IOut(S)(ϕ2) =
{ 〈ψ,γ δ〉 if r ≡ 1 (mod 3),
〈ψγ ,γ δ〉 if r ≡ 2 (mod 3).
Proof. First note that Aut(S) must permute the set {ϕ1,ϕ2,ϕ3} of characters of degree 13Φ2Φ3
by Lemma 3.3. Now the diagonal automorphism δ permutes the three regular unipotent elements
u1, . . . ,u3 transitively, so it also fuses the three characters ϕ1, ϕ2, ϕ3. Since 〈δ,γ 〉 ∼= S3, and δ acts
non-trivially, γ necessarily interchanges two of the three characters, and leaves one ﬁxed; indeed,
it ﬁxes the class of u1 and hence ϕ1. The ﬁeld automorphisms ﬁx u1, hence they also ﬁx ϕ1. This
proves (a).
Clearly, the stabilizer of u2 in the group of ﬁeld automorphisms is 〈ψ0〉, and if ψ = ψ0 then
ψγ also stabilizes u2. Direct calculation show that γ δ ﬁxes u2. Thus, in all cases we have found a
subgroup of index three of Out(S) stabilizing ϕi . Since Out(S) permutes the ϕi , 1 i  3, transitively,
this subgroup is the full stabilizer. 
Proposition 3.6. All characters in Irr3′ (S) extend to their inertia groups in Aut(S).
Proof. For the unipotent characters this was shown in Theorem 2.4. The semisimple characters ϕi ,
1 i  3, are the three irreducible constituents of IndSB(χ) with the linear character χ of B of order 3
deﬁned above.
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Character degrees of Sylow 3-normalizers
Group Isom. type Rational Irr3′ Non-rational Irr3′
N 31+2.Q 8 14, 2, 8 –
N.〈γ 〉 31+2.Q 8.2 14, 2, 82 22
N.〈δ〉 = H 31+2.SL2(3) 1, 2, 8 12, 22, 82
N.〈γ , δ〉 = Hˆ 31+2.SL2(3).2 12, 2, 4, 82, 16 22
First assume that r ≡ 1 (mod 3). Then χ is invariant under ψ , so extends to a character χˆ of
Bˆ := B.〈ψ〉. Since the ϕi extend to Sˆ := S.〈ψ〉 by Lemma 3.5, the induced character Ind SˆBˆ(χˆ ) decom-
poses as
Ind Sˆ
Bˆ
(χ) = ϕˆ1 + ϕˆ2 + ϕˆ3,
where ϕˆi denotes an extension of ϕi to Sˆ . Now Bˆ is γ -stable, and since r ≡ 1 (mod 3), so is χ and
thus Ind Sˆ
Bˆ
(χ). As γ interchanges ϕ2 with ϕ3, it also interchanges ϕˆ2 with ϕˆ3, so necessarily ﬁxes ϕˆ1.
Since the inertia factor group of ϕ1 is generated by ψ and γ by Lemma 3.5(b), this shows that ϕ1
extends to its inertia group.
Furthermore, γ δ interchanges ϕ1 with ϕ3, so it also interchanges ϕˆ1 with ϕˆ3, and thus ﬁxes ϕˆ2.
As above, this shows that ϕ2 extends to the inertia factor group 〈ψ,γ δ〉.
So now assume that r ≡ 2 (mod 3). Then both ψ and γ interchange χ with the complex conju-
gate χ¯ , so χ is ψγ -stable. Consider Bˆ := B.〈ψγ 〉 and Sˆ := S.〈ψγ 〉 and then argue as above. 
Let’s now turn to the 3-local situation. The primitive 3-dimensional complex reﬂection group
H = G25 (in the notation of Shephard and Todd) is a split extension of an extraspecial group
of order 31+2 with the group SL2(3) of order 24. Its reﬂection representation is deﬁned over
R = Z[exp(2π i/3),1/3]. The derived subgroup N of H , of order 216, is a split extension of 31+2
with the quaternion group of order 8. Reduction modulo a prime ideal r of R lying above r gives an
embedding H ↪→ GL3(q) such that N embeds into SL3(q) (note that q ≡ 1 (mod 3)). Since the Sylow
3-normalizer of SL3(q) is isomorphic to N , this gives an explicit realization of this Sylow normalizer.
Since H/N does not act by inner automorphisms on N , H is the extension of N with the group of
diagonal automorphisms of SL3(q).
Extending H by the transpose-inverse automorphism we obtain a group Hˆ of order 1296 with a
6-dimensional faithful representation over R . Again reduction modulo r shows that Nˆ is the extension
of the Sylow 3-normalizer of SL3(q) by the diagonal and graph automorphisms. The character tables
of N, H, Hˆ can be determined explicitly using GAP [6], and one obtains the 3′-character degrees given
in Table 2. Here, the symbol nk signiﬁes that the group in question has k characters of degree n.
Let’s denote the principal character, the character of degree 2 and the character of degree 8 of
N by ρ ′1, ρ ′2, ρ ′3 respectively. Further, denote the three non-principal linear characters of N by ϕ′i ,
1 i  3. The transpose-inverse automorphism γ acts non-trivially on H (see Table 2). Choose ϕ′1 to
be the non-trivial linear character of N invariant under γ .
Lemma 3.7. Let A := NAut(S)(N)/N. Then A ∼= Out(S), and we have:
(a) The characters ρ ′i are A-invariant.
(b) The inertia group of ϕ′1 in A equals I A(ϕ′1) = 〈ψ,γ 〉.
(c) The inertia group of ϕ′2 in A equals
I A(ϕ
′
2) =
{ 〈ψ,γ δ〉 if r ≡ 1 (mod 3),
〈ψγ ,γ δ〉 if r ≡ 2 (mod 3).
All six characters extend to their inertia groups in NAut(S)(N).
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acters of N of their respective degrees. By Table 2, the diagonal automorphism of order 3 permutes
the ϕ′i transitively.
Again, ﬁrst assume that r ≡ 1 (mod 3). Then SL3(r) contains a subgroup of order 3 with normalizer
isomorphic to N , so up to conjugation, ψ acts trivially on N , H and Hˆ . Hence NAut(S)(N) ∼= Hˆ × 〈ψ〉.
By Table 2, the ρ ′i extend to Hˆ , hence to NAut(S)(N). Also, by deﬁnition ϕ
′
1 is invariant by γ , and also
by ψ , so we obtain (b) in this case. By the table, ϕ′1 extends to N.〈γ 〉, and hence to its inertia group
N.〈γ 〉 × 〈ψ〉. The character ϕ′2 is invariant under γ δ, showing (c), and extends by the table.
If r ≡ 2 (mod 3) then SL3(r) does not contain a conjugate of N , so ψ acts non-trivially on N and H .
The outer automorphism group of H = G25 has order 2, the only non-trivial outer automorphism
being induced by the embedding of G25 into the complex reﬂection group G26. So ψ and γ have the
same image in Aut(H), and ψγ acts as an inner automorphism on H . We may now argue as before,
with ψ replaced by ψγ . 
The previous result together with Lemma 3.5 and Proposition 3.6 now shows:
Proposition 3.8. The map
Ψ : Irr3′
(
SL3(q)
)→ Irr3′ (N), ρi 	→ ρ ′i , ϕi 	→ ϕ′i ,
is NAut(S)(N)-equivariant.
Corollary 3.9. The groups L3(q), q ≡ 4,7 (mod 9), are good for the prime p = 3.
Proof. We apply the criterion in Proposition 3.1 to the simple group X = L3(q). We may suppose
that q = 4 since the group L3(4) has been shown to be good for all primes in [17, Theorem 4.1].
Then the order of the Schur multiplier of X divides 3 as required. All the characters of SL3(q) and of
N considered above, as well as their extensions, have Z(SL3(q)) in their kernel, so by factoring out
Z(SL3(q)) the statements above can be transferred to statements about X . In condition (i) we take
M = N . The equivariant bijection in (ii) is provided by Ψ in Proposition 3.8. Finally, all characters
extend to their respective inertia groups by Proposition 3.6 and Lemma 3.7, which proves (iii). 
3.2. Special unitary groups SU3(q)
The situation for unitary groups is slightly easier, since the outer automorphism group has a sim-
pler structure and the local situation is the same as for the special linear groups, so has been treated
already.
Let G be the algebraic group SL3 deﬁned over the prime ﬁeld of order r, with corresponding
Frobenius endomorphism ψ : G → G. Let f  1 and F := ψ f , and let γ denote the transpose-inverse
automorphism on G. Then the group of ﬁxed points GFγ =: S = SU3(q) of Fγ is the special unitary
group with q = r f . In this section we assume that q ≡ 2,5 (mod 9).
Lemma 3.10. Let q ≡ 2,5 (mod 9) be a prime power. Then S = SU3(q) has six irreducible characters of degree
prime to 3. These are the three unipotent characters ρ1 = 1S , ρ2,ρ3 = StS of degrees 1,qΦ1,q3 , and three
further semisimple characters ϕ1 , ϕ2 , ϕ3 of degree
1
3Φ1Φ6 . All six characters have Z(S) in their kernel.
Proof. This can be read off from the character table of SU3(q) [19]. 
The conjugacy class of regular unipotent elements of GL3(q2) splits into three conjugacy classes in
SU3(q), with representatives
u1 :=
(1 1 0
0 1 1
)
, u2 :=
(1 ζ 0
0 1 1
)
, u3 :=
(1 ζ 2 0
0 1 1
)
,0 0 1 0 0 1 0 0 1
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q2
has order 3. These are the only classes on which the three characters ϕ1, ϕ2, ϕ3 differ.
We choose notation so that
ϕi(ui) = (2q − 1)/3 (1 i  3), ϕi(u j) = −(q + 1)/3 (i = j).
Let δ denote the diagonal automorphism of S induced by conjugation with
(
ζ 0 0
0 1 0
0 0 1
)
∈ GL3
(
q2
)
.
Then δ generates the full group of diagonal automorphisms of S . By construction ψ f acts like γ on S ,
hence ψ2 f centralizes S . It is well known that Aut(S) = 〈S, δ,ψ〉/Z(S). Again by our congruence
condition on q, f is necessarily odd, so that
Out(S) = 〈δ,γ 〉 × 〈ψ2〉∼= S3 × C f .
Lemma 3.11.
(a) The inertia group of ϕ1 in Out(S) equals IOut(S)(ϕ1) = 〈ψ〉.
(b) The inertia group of ϕ2 in Out(S) equals IOut(S)(ϕ2) = 〈ψ2γ δ〉.
All characters in Irr3′ (S) extend to their inertia groups in Aut(S).
Proof. The diagonal automorphism δ permutes the three regular unipotent elements u1, . . . ,u3 tran-
sitively, so it also fuses the three characters ϕ1, ϕ2, ϕ3. Since 〈δ,γ 〉 ∼= S3, and δ acts non-trivially, γ
necessarily interchanges two of the three characters, and leaves one ﬁxed; indeed, it ﬁxes the class of
u1 and hence ϕ1. The ﬁeld automorphisms ﬁx u1, hence they also ﬁx ϕ1.
Clearly, the stabilizer of u2 in the group of ﬁeld automorphisms is 〈ψ2〉. Direct calculation show
that γ δ ﬁxes u2. Thus, 〈ψ2, γ δ〉 stabilizes ϕ2. Since Out(S) permutes the ϕi , 1  i  3, transitively,
this subgroup is the full stabilizer. Note that ψ2 has odd order, while γ δ is an involution, so the
inertia group is cyclic. This completes the proof of (a) and (b).
By Theorems 2.4 and 2.5 the unipotent characters ρi , 1  i  3, extend to Aut(S). The inertia
groups of ϕi in Aut(S) are cyclic by the ﬁrst part of the proof, so these characters also extend. 
Theorem 3.12. The groups U3(q), q ≡ 2,5 (mod 9), q = 2, are good for the prime p = 3.
Proof. The order of the Schur multiplier of U3(q) divides 3 as required in Proposition 3.1. The char-
acters of U3(q) are the characters of S = SU3(q) having Z(S) in their kernel. This allows to make use
of the results proved above.
Let N denote the normalizer of a Sylow 3-subgroup P of S and A := NAut(S)(N). The special unitary
group SU3(q) embeds in a natural way into SL3(q2), such that all automorphisms of SU3(q) extend
to SL3(q2) in an obvious fashion. If q ≡ 2,5 (mod 9), then q2 ≡ 4,7 (mod 9). Thus, comparison of
Lemma 3.11 with Lemma 3.5 shows the existence of an A-equivariant bijection
Ξ : Irr3′
(
SU3(q)
)→ Irr3′(SL3(q2)).
Under the above embedding, P is a Sylow 3-subgroup of SL3(q2), as follows from the order formulas,
and N is the full normalizer of P in SL3(q2). Composing Ξ above with the bijection Ψ in Proposi-
tion 3.6 we thus obtain an A-equivariant bijection
Ψ ◦ Ξ : Irr3′
(
SU3(q)
)→ Irr3′ (N).
Proposition 3.1 together with Lemma 3.7 and Lemma 3.11 now shows that U3(q) is good for p = 3. 
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In this section we consider the simple groups X = G2(q), q ≡ 2,4,5,7 (mod 9), for the prime p =
3. Let z be a 3-central 3-element of X . When q ≡ 4,7 (mod 9), the normalizer M of 〈z〉 is a maximal
subgroup SL3(q).2 (extension with the graph automorphism), when q ≡ 2,5 (mod 9), it is a maximal
subgroup SU3(q).2 (extension with the graph-ﬁeld automorphism). By Kleidman [11, Proposition 2.2],
M contains the normalizer of a Sylow 3-subgroup centralizing z. The outer automorphism group of
X is cyclic, generated by a ﬁeld automorphism ψ of order f , when q = r f . By choosing z in the
centralizer G2(r) of ψ , we obtain M normalized by ψ .
Lemma 3.13. The group G2(q), q ≡ 2,4,5,7 (mod 9), has precisely 9 irreducible characters of degree prime
to 3. These are six unipotent characters and three further characters of degrees q3 +  , q(q + )(q3 + ),
q3(q3 + ) belonging to 3-central 3-elements in the dual group in Lusztig’s parametrization, where q ≡
 (mod 3).
Proof. This can be read off from the known character tables (see [2,5]) or using Lusztig’s Jordan
decomposition of characters. 
Proposition 3.14. The groups G2(q), q ≡ 2,4,5,7 (mod 9), q = 2, are good for the prime 3.
Proof. The group G2(4) with an exceptional Schur multiplier has been shown to be good for 3 in
[17, Theorem 4.1], so we may assume that q = 4. Then X = G2(q) has trivial Schur multiplier. By
Theorems 2.4 and 2.5 the unipotent characters of X extend to Aut(X). The three other characters in
Irr3′(X) are distinguished by their degrees, hence they are stabilized by Aut(X), and they extend since
Aut(X)/X is cyclic.
The characters in Irr3′ (M) have been determined in Sections 3.1 and 3.2; these are the six ex-
tensions to M of the unipotent characters ρi , 1  i  3, of M ′ , of degrees 1,q(q + ),q3, the two
extensions of ϕ1, and the induced of ϕ2. Let Mˆ := M.〈ψ〉, the normalizer of M in Aut(X). According
to Theorem 2.4, the unipotent characters ρi extend from M ′ to Mˆ . Also, the induced of ϕ2 is the
only character of its degree, so it also extends to Mˆ . Finally, it was shown in Proposition 3.6 that
ϕ1 extends to Mˆ . Thus any bijection Irr3′ (X) → Irr3′ (M) is Aut(X)-equivariant, and on both sides, all
characters extend maximally. Since M is a proper subgroup of X containing the normalizer of a Sylow
3-subgroup of X , it satisﬁes the conditions in Proposition 3.1 needed to show that X is good for 3. 
3.4. The groups 2F4(q2)
In this section we deal with the simple groups X = 2F4(q2), 2 < q2 ≡ 2,5 (mod 9), for the prime
p = 3, and we also handle 2F4(2)′ for all primes. For q2 > 2, the situation is quite similar to the one
for G2(q). Let z be a 3-central 3-element of X . By [13, Proposition 1.2] the normalizer M := NX (〈z〉) of
〈z〉 is a maximal subgroup SU3(q2).2 (extension with the graph-ﬁeld automorphism) containing the
normalizer of a Sylow 3-subgroup centralizing z. The outer automorphism group of X is cyclic, gen-
erated by a ﬁeld automorphism ψ of order 2 f + 1, when q2 = 22 f+1. By choosing z in the centralizer
2F4(2) of ψ , we obtain M normalized by ψ .
Lemma 3.15. The group 2F4(q2), q2 ≡ 2,5 (mod 9), has precisely 9 irreducible characters of degree prime
to 3. These are six unipotent characters, and three further characters of degrees
(
q2 − 1)(q4 + 1)(q12 + 1), q2(q8 − 1)(q12 + 1), q6(q2 − 1)(q4 + 1)(q12 + 1)
belonging to 3-central 3-elements in the dual group.
Proof. This can be read off from the known character table [13]. 
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Proof. By Theorems 2.4 and 2.5 the unipotent characters of X = 2F4(q2) extend to Aut(X). The three
other characters in Irr3′ (X) are distinguished by their degrees, hence they are stabilized by Aut(X),
and they extend since Aut(X)/X is cyclic.
It has already been argued in the proof of Proposition 3.14 that all characters of M extend to
NAut(X)(M). Since M contains the normalizer of a Sylow 3-subgroup of X , it satisﬁes the conditions in
Proposition 3.1 needed to show that X is good for 3. 
The group 2F4(2) is not simple; its derived subgroup 2F4(2)′ is a non-abelian simple group not
occurring elsewhere in the classiﬁcation, hence should be considered to be a sporadic simple group.
We prove the following:
Proposition 3.17. The Tits simple group 2F4(2)′ is good for all prime divisors of its order.
Proof. Since X = 2F4(2)′ has trivial Schur multiplier, according to [17, Corollary 2.2] it suﬃces to show
that the ordinary McKay conjecture holds for X and for G := Aut(X) = 2F4(2) for all prime divisors p
of |X | = 211.33.52.13.
The Sylow 13-subgroups of G are cyclic, so X is good for p = 13 by [17, Theorem 2.3]. For p = 5,
the Sylow 5-normalizer in X respectively G is isomorphic to 52.4A4 respectively 52.4S4 by [3], and
these subgroups of G can easily be constructed explicitly in the 26-dimensional representation of G
using GAP [6]. It is now straightforward to check the ordinary McKay conjecture for X and G with
p = 5.
For p = 3, the Sylow 3-normalizer in X respectively G is isomorphic to 31+2.8 respectively
31+2.8.2 by [3, corrections]. Again, both groups are easily constructed using GAP, and the assertion
can be seen to hold.
The Sylow 2-subgroups of X and of G are self-normalizing. The commutator factor group of the
Sylow 2-subgroup has order 8 respectively 16, and the assertion easily follows from the character
degrees printed in [3]. 
4. The prime p = 2
In this section we show that the symplectic groups X = S2n(q), q ≡ 3,5 (mod 8), n  2, are good
for the prime p = 2. For this we need to parametrize the irreducible characters of G = Sp2n(q) of
odd degree. These are contained in Lusztig series E(G, s) of Irr(G) indexed by semisimple elements
s in the dual groups SO2n+1(q) centralizing a Sylow 2-subgroup. Furthermore, in order to deal with
diagonal automorphisms we need to know the 2-central elements of Spin2n+1(q). We therefor ﬁrst
recall the classiﬁcation of such elements.
4.1. 2-central elements in odd-dimensional orthogonal groups
Let q be an odd prime power. Let V be a (2n + 1)-dimensional vector space over the algebraic
closure F¯q with a non-degenerate quadratic form deﬁned over Fq , and denote by G∗ = SO(V ) its
isometry group. Let F : G∗ → G∗ denote the standard Frobenius endomorphism on GL(V ). Then the
group of ﬁxed points G∗ := (G∗)F is the special orthogonal group SO2n+1(q).
Lemma 4.1. Let s ∈ G∗ be semisimple centralizing a Sylow 2-subgroup of G∗ . Then s is an involution.
Proof. Let s ∈ G∗ be semisimple. Then s lies in an F -stable maximal torus T of G∗ . The longest ele-
ment w0 in the Weyl group W of G∗ with respect to T inverts all elements of T, hence normalizes
the centralizer CG∗ (s). Since T is F -stable so is w0. If CG∗ (s) contains a Sylow 2-subgroup of G∗ , the
Sylow 2-subgroups of NG∗ (〈s〉) must lie in CG∗(s), so w0 has to centralize s. Hence s is equal to its
inverse. 
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Involutions in SO2n+1(q), q odd
Type Centralizer 2-central for
ti (1 i n) SO2(n−i)+1(q) × GO+2i(q) see text
t′i (1 i n) SO2(n−i)+1(q) × GO−2i(q) see text
Geometrically, the involutions in SO2n+1(q) can be described as follows. Let t be an involution
in G∗ . Denote its eigenspaces for the eigenvalues 1 and −1 by V+ , V− respectively. Both eigenspaces
are non-degenerate with respect to the orthogonal form on V , so V = V+ ⊥ V− . Clearly, V− is of
even dimension dim(V−) = 2i > 0, say, so V+ is odd-dimensional. The centralizer CG∗ (t) of t is then
isomorphic to SO(V+) × GO(V−). Here, the ﬁrst factor is connected while the second factor GO(V−)
is disconnected, with connected component of the identity SO(V−) of index 2. Clearly, the class of t
is F -stable, so the F -ﬁxed points split into two G∗-conjugacy classes. Write ti for a representative of
the class with untwisted centralizer SO2(n−i)+1(q) × GO+2i(q), and t′i for a representative of the other
class. This leads to the following statement:
Proposition 4.2. The conjugacy classes of involutions in SO2n+1(q), q odd, are as indicated in Table 3. Let
J ⊂ N be such that n =∑ j∈ J 2 j is the 2-adic decomposition of n. Then ti resp. t′i is 2-central if and only if
there exists a subset ∅ = I ⊆ J with i =∑ j∈I 2 j and furthermore
(a) q ≡ 1 (mod 4) or 0 /∈ I in the case ti (i.e., qi ≡ 1 (mod 4)),
(b) q ≡ 3 (mod 4) and 0 ∈ I in the case t′i (i.e., qi ≡ 3 (mod 4)).
In particular all 2-central involutions of SO2n+1(q) are contained in its derived group O2n+1(q).
Proof. The classiﬁcation of involutions and their centralizers as described above is proved in [8, 4.6].
From this it is an easy exercise using the order formulas and Lemma 4.3 below to work out the
conditions for being 2-central. It follows from [8, Table 4.5.1] that all such involutions induce the
trivial diagonal automorphism on the derived subgroup O2n+1(q). 
Lemma 4.3. Let k,n ∈ N with k  n. The parabolic subgroup W (Bk) × W (Bn−k) of the Weyl group W (Bn)
has odd index if and only if k =∑ j∈I 2 j for some subset I ⊆ J where n =∑ j∈ J 2 j is the 2-adic decomposition
of n.
Proof. We have |W (Bk)| = 2kk!, so the relevant index equals
(n
k
)
. The claim is now easily estab-
lished. 
Next we consider Spin2n+1(q), the odd-dimensional spin group over Fq , that is, the Fq-points of a
simple simply-connected group G˜∗ of type Bn over F¯q .
Lemma4.4. Let s ∈ Spin2n+1(q) be semisimple centralizing a Sylow 2-subgroup. Then s lies in Z(Spin2n+1(q)).
Proof. Let s ∈ G˜∗ = Spin2n+1(F¯q) be semisimple. Since G˜∗ is simply-connected, the centralizer C =
CG˜∗(s) of s is a connected reductive group (see [21, 3.9]). The possible types of centralizers in G˜
∗ can
be determined by the algorithm of Borel–de Siebenthal from the extended Dynkin diagram of type Bn .
It follows that the semisimple part of C has a Weyl group contained in a reﬂection subgroup of type
Bk × Dn−k for some 0  k  n. This has index 2 in the reﬂection subgroup of type Bk × Bn−k , and
hence even index in W (Bn), unless k = n. Thus, the group of Fq-points of the connected centralizer C
has even index in Spin2n+1(q) unless C= G˜∗ , i.e., s ∈ Z(Spin2n+1(q)). 
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Now let G be the 2n-dimensional symplectic group over F¯q , deﬁned over Fq with corresponding
Frobenius F : G → G. The group of ﬁxed points G := GF is the symplectic group Sp2n(q). Let G∗ be a
group dual to G with corresponding Frobenius also denoted by F : G∗ → G∗ . Then G∗ ∼= SO2n+1(q).
We introduce the following notation. For a semisimple element s ∈ G∗ let
E2′ (G, s) := Irr2′(G) ∩ E(G, s) =
{
χ ∈ E(G, s) ∣∣ χ(1) ≡ 1 (mod 2)}
denote the irreducible characters of odd degree in the Lusztig series E(G, s).
Proposition 4.5. The irreducible characters of G of odd degree are given as
Irr2′(G) = E2′ (G,1) 
∐
s∈G∗ 2-central
E2′ (G, s)
where the disjoint union runs over 2-central involutions s ∈ G∗ modulo conjugation.
Proof. By [16, Proposition 7.2] a character χ ∈ Irr(G) has odd degree if and only if χ ∈ E2′ (G, s) for
some semisimple element s ∈ G∗ centralizing a Sylow 2-subgroup of G∗ . Now s ∈ G∗ = SO2n+1(q)
centralizes a Sylow 2-subgroup if and only if s is a 2-central involution by Lemma 4.1. 
The previous statement can be made more precise as follows:
Proposition 4.6. Irr2′(G) is in bijection with the set of pairs (s, φ) where
(i) s ∈ G∗ is either 1 or a 2-central involution, modulo G∗-conjugation, and
(ii) φ ∈ Irr2′ (WM), where M = CG∗ (s).
Proof. Let χ ∈ Irr2′ (G). By Proposition 4.5 there exists a uniquely determined s ∈ G∗ up to conjugation
with χ ∈ E2′ (G, s). Hence, under the Jordan decomposition ψs : E(G, s) → E(CG∗(s),1), χ corresponds
to a character ψs(χ) of odd degree. Let M := CG∗(s),
e :=
{
1 if q ≡ 1 (mod 4),
2 if q ≡ 3 (mod 4),
and S∗ a Sylow e-torus of M. By [16, Theorem 5.9] this is also a Sylow e-torus of G∗ . Then |(S∗)F | =
Φe(q)n , so S∗ is a maximal torus of G∗ . In particular it is self-centralizing, whence CM(S∗) = S∗ . By
[16, Corollary 6.6] a character χ ∈ E(CG∗(s),1) has odd degree if and only if it lies in the e-Harish-
Chandra series of (L, λ), with L = CM(S∗) = S∗ and λ ∈ E(L,1) e-cuspidal, indexed by a character
φ ∈ Irr2′ (WM(L, λ)). But the unique unipotent character λ of L = S∗ is the trivial character, and the
relative Weyl group WM(S∗) is just the Weyl group of M . This completes the proof. 
The 2-central involutions of G∗ and their centralizers have been determined in Proposition 4.2. The
characters of W (Bn) of odd degree are easily described. Recall that the irreducible characters of Sn ,
W (Bn) respectively, are naturally parametrized by partitions λ, respectively pairs of partitions (λ,μ),
of n.
Lemma 4.7. Let n = 2i  2.
(a) The irreducible character χλ ∈ Irr(Sn) has odd degree if and only if λ is a hook partition (n − k,1k) for
some k.
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In particular |Irr2′ (Sn)| = n, |Irr2′ (W (Bn))| = 2n.
Proof. The character χλ of Sn parametrized by the hook partition (n−k,1k) has degree
(n−1
k
)
, which
is odd for all k. There are n such hook partitions. On the other hand |Irr2′ (Sn)| = n by Olsson [18,
Corollaries 3.6 and 3.7].
The irreducible character χλ,μ of W (Bn) is obtained by inducing the exterior tensor product χλ ⊗
(χμ ⊗ ) from Wλ,μ := W (Bk)× W (Bn−k) to W (Bn), where λ  k, μ  n− k, and  denotes the non-
trivial linear character of W (Bk) which trivially restricts to the complement Sk . Thus χλ,μ has odd
degree if and only if the Young subgroup Wλ,μ has odd index and both χλ,χμ have odd degree. The
ﬁrst condition forces k ∈ {0,n} by Lemma 4.3, and from the second it follows by the ﬁrst part of the
proof that (λ,μ) is as claimed. 
Finally, we need to determine the irreducible characters of odd degree of the adjoint type group
PCSp2n(q). Since G is a two-fold central extension of X := S2n(q), all χ ∈ Irr2′ (G) have Z(G) in their
kernel, so can be considered as characters of X , and all irreducible characters of X of odd degree arise
this way. We will therefor identify χ ∈ Irr2′(G) with χ ∈ Irr2′ (X).
Proposition 4.8. The irreducible characters of Xˆ := PCSp2n(q) of odd degree are the extensions to Xˆ of the
unipotent characters of X = S2n(q) of odd degree. In particular, the non-unipotent characters of X of odd
degree do not extend to Xˆ .
Proof. The group Xˆ is the group of ﬁxed points of a simple algebraic group of adjoint type Cn . Thus,
again [16, Proposition 7.2] applies: a character χ ∈ Irr( Xˆ) has odd degree if and only if χ ∈ E2′ ( Xˆ, s)
for some semisimple element s in the dual group Xˆ∗ ∼= Spin2n+1(q), centralizing a Sylow 2-subgroup
of Xˆ∗ . By Lemma 4.4 these are just the two elements in Z( Xˆ∗). The Lusztig series E( Xˆ,1) are just the
unipotent characters of Xˆ , which by [12] are extensions of unipotent characters of X , while the other
Lusztig series consists of the products of unipotent characters with the non-trivial linear character
of Xˆ . In particular, both series only contain extensions of unipotent characters of X to Xˆ . 
4.3. Action of automorphisms
We next determine the inertia groups of odd degree characters of X = S2n(q) in Aut(X). The
outer automorphism group of X is generated by the diagonal automorphism δ of order 2 and the
ﬁeld automorphism ψ of order f , where q = p f with p prime. Furthermore, δ and ψ commute, so
Out(X) = 〈δ〉 × 〈ψ〉.
Proposition 4.9. Assume that q is not a square. Let χ ∈ Irr2′ (X) have odd degree.
(a) If χ is unipotent, then IOut(X)(χ) = Out(X).
(b) If χ ∈ E2′ (G, s) for some 2-central involution s then IOut(X)(χ) = 〈ψ〉.
In particular, all χ ∈ Irr2′ (G¯) extend to their inertia groups in Aut(G¯).
Proof. For the unipotent characters this is Proposition 2.2. If χ is not unipotent, IOut(X)(χ) does not
contain δ, by Proposition 4.8. Let χˆ ∈ Irr(PCSp2n(q)) be the induced of χ . Since PCSp2n is of adjoint
type, so has connected center, χˆ is uniquely determined by its multiplicities in the various Deligne–
Lusztig characters, by [12, proof of 8.1]. Since all conjugacy classes of involutions and all conjugacy
classes of maximal tori of Xˆ = PCSp2n(q) are stable under ﬁeld automorphisms, this implies that χˆ
is stable under ﬁeld automorphisms. Since q is not a square, f and hence the order of ψ is odd and
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cyclic. 
4.4. S2n(q) is good for p = 2
Theorem 4.10. Let q be an odd power of an odd prime and n = 2i  1. Then the symplectic group S2n(q) is
good for the prime 2.
Proof. We proceed by induction, the induction base n = 1 being given by [10, Theorem 15.3] since
Sp2(q) = SL2(q). So now assume that n = 2i > 1. The Schur multiplier of X := S2n(q) is cyclic of
order 2, and the full covering group is isomorphic to G := Sp2n(q). Thus all faithful characters of
G have even degree, and Irr2′(S2n(q)) = Irr2′ (G). Let m := n/2 and denote by M the normalizer in
G of the natural subgroup Sp2m(q) × Sp2m(q) consisting of 2-by-2 block matrices, a wreath product
Sp2m(q)  2. Then M is a proper subgroup containing the normalizer of a Sylow 2-subgroup of G by
Carter and Fong [1, Theorem 4].
We investigate the characters of odd degree of G and of M in turn. By Proposition 4.6 the dual
group SO2n+1(q) has a unique class [s] of 2-central involutions, with centralizer GO2n(q), where qn ≡
 (mod 4). Thus by Proposition 4.6 there is a natural bijection
Irr2′ (G)
1−1←→ Irr2′
(
W (Bn)
) Irr2′(W (Bn))
where the second factor on the right comes from the Weyl group of the disconnected group GO2n(q).
Thus, by Lemma 4.7 the group X has 2n unipotent and 2n non-unipotent characters of odd degree.
Exactly the same arguments apply to Irr2′ (Sp2m(q)). The characters of the direct product Sp2m(q)×
Sp2m(q) are the exterior tensor products μ1 ⊗ μ2 of characters μi ∈ Irr(Sp2m(q)). Thus Irr2′ (M) con-
sists of the extensions to M of pairs (μ,μ) of characters μ ∈ Irr2′ (Sp2m(q)), whence M has 2n
extensions of unipotent characters and 2n extensions of non-unipotent characters of odd degree. In
particular, |Irr2′ (G)| = |Irr2′ (M)|.
Both factors Sp2m(q) are stabilized by diagonal automorphisms induced by diagonal matrices, and
by the ﬁeld automorphism induced by raising matrix entries to their pth power, thus M is also sta-
bilized by these. They induce the corresponding diagonal respectively ﬁeld automorphisms on the
factors Sp2m(q). By Proposition 4.9 the unipotent characters of Sp2m(q) extend to Aut(Sp2m(q)), hence
to the wreath product Aut(Sp2m(q))  2, hence to the normalizer in Aut(X) of M . Thus, the 2n unipo-
tent characters of X and the 2n unipotent characters of M have the same inertia group and extend
maximally.
On the other hand, the 2n non-unipotent characters of Sp2m(q) are only stabilized by the ﬁeld
automorphisms by Proposition 4.9, thus the same is true for the extensions to M . So, the 2n non-
unipotent characters of X and the 2n non-unipotent characters of M all have the same cyclic inertia
group in Out(X), to which they extend.
If we choose any map ∗ : Irr2′ (X) → Irr2′ (M) sending unipotent characters to unipotent characters,
then the conditions of Proposition 3.1 are satisﬁed. Hence X is good for 2. 
Theorem 4.11. Let q be an odd power of an odd prime and n 3 not a power of 2. Then the symplectic group
S2n(q) is good for the prime 2.
Proof. Let n =∑ j∈ J 2 j denote the 2-adic decomposition of n. Then by assumption | J |  2. Let j :=
max J , m := 2 j , and M the natural subgroup Sp2m(q)× Sp2(n−m)(q) consisting of block matrices. Since
| J |  2 we have m = n, so M is a proper subgroup, which contains the normalizer of a Sylow 2-
subgroup of G by [1, Theorem 4].
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parametrized by the identity and or the class of a 2-central involution in G∗ = SO2n+1(q). By Proposi-
tion 4.2 these are in bijection with
J := {I ⊆ J ∣∣ 0 ∈ I ⇔ q ≡ 3 (mod 4)},
where I = ∅ corresponds to the identity element. Again by Proposition 4.5 the irreducible characters
of Sp2(n−m)(q) lie in Lusztig series parametrized by
J1 := {I ∈J |m /∈ I} =
{
I ⊆ J \ {m} ∣∣ 0 ∈ I ⇔ q ≡ 3 (mod 4)},
while those of Sp2m(q) lie in series parametrized by J2 := {∅, {m}}. Now the natural bijection
J1 ×J2 →J , (I1, I2) 	→ I1 ∪ I2,
shows that the Lusztig series containing odd degree characters of M and of X are parametrized by
the same sets. Moreover, by Proposition 4.6 and Lemma 4.7, the bijection preserves the number of
odd degree characters in corresponding series.
As in the previous proof, it follows from Proposition 4.9 that the bijection also preserves inertia
groups. Since Out(X) is cyclic, maximal extensibility is automatically implied on both sides. Hence X
is good for the prime 2 by Proposition 3.1. 
Since squares are not ≡ 3,5 (mod 8), the previous two results imply:
Corollary 4.12. Let q ≡ 3,5 (mod 8) and n 2. Then S2n(q) is good for p = 2.
Taken together with Theorem 3.2 and [10, Theorem 17.1] for the Ree groups of type 2G2 this
proves:
Corollary 4.13. Let X be a simple group of Lie type and p a prime, such that (X, p)was excluded in Theorem 7.8
or 8.5 of [16]. Then X is good for the prime p.
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